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In this paper, we investigate numerically the stochastic ABC model, a toy model in the the-
ory of astrophysical kinematic dynamos, within the recently proposed supersymmetric theory of
stochastics (STS). STS characterises stochastic differential equations (SDEs) by the spectrum of the
stochastic evolution operator (SEO) on elements of the exterior algebra or differentials forms over
the system’s phase space, X. STS can thereby classify SDEs as chaotic or non-chaotic by identifying
the phenomenon of stochastic chaos with the spontaneously broken topological supersymmetry that
all SDEs possess. We demonstrate the following three properties of the SEO, deduced previously
analytically and from physical arguments: the SEO spectra for zeroth and top degree forms never
break topological supersymmetry, all SDEs possess pseudo-time-reversal symmetry, and each de
Rahm cohomology class provides one supersymmetric eigenstate. Our results also suggests that the
SEO spectra for forms of complementary degrees, i.e., k and dimX − k, may be isospectral.
PACS numbers: 02.50.-r, 05.45.-a, 05.10.-a
I. INTRODUCTION
The theory of stochastic differential equations (SDEs)
has a long history and it provides many important in-
sights on natural dynamics influenced by external noise
(see, e.g., Refs.[1–6] and Refs. therein). One of such in-
sights has emerged recently as a result of the conjecture
[7] that the theoretical essence of self-organized criticality
[8] may be the instanton-induced spontaneous breakdown
of topological supersymmetry that all SDEs possess. Fur-
ther work in this direction led to the formulation of the
approximation-free supersymmetric theory of stochastics
(STS) (see, e.g., Ref. [9] and Refs. therein).
From the mathematical point of view, the STS can be
looked upon as a member of the cohomological or the
Witten-type topological field theories [10], as a general-
ization of the Parisi-Sourlas quantization [11] from the
Langevin SDEs to SDEs of any form, and as the appli-
cation of the concept of the generalized transfer operator
of the dynamical systems theory [12] to SDEs.
From the physical point of view, the importance of
STS is in providing the theoretical picture for ”dynamical
long range order” (DLRO), known under such names as
turbulence, chaos, self-organization, pattern formation,
self-organized criticality, complex dynamics etc. Within
the STS, DRLO is the spontaneous breakdown of the
topological or de Rahm supersymmetry. The existence
of this supersymmetry in all SDEs is the algebraic rep-
resentation of the phase-space continuity of the SDE-
defined dynamics [9]. More specifically, two infinitely
close points in the phase space will remain close during
the SDE-defined evolution at any configuration of the
stochastic noise. From this perspective, the spontaneous
breakdown of topological supersymmetry can be inter-
preted as the breakdown of this property in the limit
of the infinitely long evolution, represented, of course, by
the non-supersymmetric ground state. In other words, in
the limit of the infinitely long evolution, two close points
in the phase space may not be close anymore and the
system may be said to exhibit the butterfly effect and for
this reason identified as chaotic.
The supersymmetry breaking picture of chaotic behav-
ior generalizes its classical picture from dynamical sys-
tems theory to stochastic dynamics [13]. Furthermore,
this picture provides a rigorous explanation (via the
Goldstone theorem) for the ubiquitous emergent long-
range dynamical behavior in nature. Besides the but-
terfly effect, this emergent long-range dynamics also in-
cludes 1/f noise or the long-term memory effect and the
Ritcher scale or the power-law statistics of sudden in-
stantonic processes such as earthquakes, solar flares, neu-
roavalanches etc.
The centerpiece of the STS is the stochastic evolution
operator (SEO) defined on the exterior algebra [14] of the
phase space, which is regarded as the Hilbert space of the
stochastic model. The SEO describes the stochastically
averaged SDE-induced actions on the wavefunctions, the
elements of this Hilbert space. This stochastic averaging
is possible since the Hilbert space as well as the SDE-
induced actions on it are linear objects. In contrast, the
operation of stochastic averaging on, say, SDE-defined
trajectories cannot be defined in the general situation
when the phase space is not a linear space. In this man-
ner, the SEO permits to study interplay between stochas-
tic and dynamical properties of the systems.
One of the important questions within the STS is the
possible forms that the SEO spectrum can take, as these
encode the system’s characteristics of being chaotic, etc.
The key quantity here is the eigenvalue of the fastest
growing eigenmode(s) of SEO, that must be identified as
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2the ground state of the model. The problem of possible
SEO spectra has been recently solved partly in Ref. [15]
by establishing a connection between the STS and the
theory of kinematic dynamo (KD, see,e.g., Refs. [16–19]
and Refs. therein). The KD is the weak-magnetic-field
limit of the more general astrophysical phenomenon of
magnetic dynamos, i.e., the amplification of a magnetic
field by a moving conducting medium (see, e.g., Refs.
[20–25] and Refs. therein). With the help of this STS-
KD connection and using previous numerical results from
the KD theory [16–19], it has been established that SEOs
with ground states with both real and complex eigenval-
ues are realizable.
The theory of KD deals, however, only with the non-
supersymmetric eigenstates of the first and second de-
grees, the states that represent respectively the vector
potential and the corresponding field tensor of the mag-
netic field. As such, the STS-KD connection cannot elu-
cidate on other properties of the SEO. A few properties
deduced previously analytically and from physical argu-
ments remain to be proven or at least demonstrated nu-
merically. Such a numerical demonstration is the goal of
the present paper.
Here, we numerically study the SEO of a stochastic
ABC model, one of the toy models used in KD the-
ory to mimic chaotic flows [19]. Our results support
the following previously deduced properties of the SEO:
(i) the spectra of the top and the zeroth degrees do not
break topological supersymmetry, (ii) each de Rahm co-
homology class provides one supersymmetric eigenstate,
and (iii) the overall spectra possess pseudo-time-reversal
symmetry. In addition, our results suggest that the SEO
with complementary degrees are isospectral – a property
of SEOs for which we do not have yet a theoretical ex-
planation.
The paper is organized as follows. In Sec. II, we in-
troduce the SEO for a general-form SDE with Gaussian
white noise. In Sec. III, we introduce the stochastic ABC
model, whereas the details of the numerical realization of
its SEO are given in the Appendix. In Sec. IV, the prop-
erties of the SEO are discussed and exemplified by the
numerical results for the stochastic ABC flow model. Sec.
V concludes the paper.
II. STOCHASTIC EVOLUTION WITH
GAUSSIAN WHITE NOISE
The following general-form SDE is of our interest:
x˙(t) = F (x(t)) + (2Θ)1/2ea(x(t))ξ
a(t) ≡ F(t). (1)
Here and in the following the summation is assumed over
the repeated indices; x ∈ X is a point in the phase
space, X, which is assumed to be a topological man-
ifold; F (x) ∈ TXx is a flow vector field on X at x;
ea(x) ∈ TXx, a = 1, ... is a set of vector fields on X with
a being the parameter running over these vector fields;
ξa(t) is a set of the Gaussian white noise variables.
For each configuration of the noise, Eq.(1) defines the
family of trajectories in X. Alternatively, this family
of trajectories can be looked upon as a two-parameter
family of diffeomorphisms of X on itself [9], with the two
parameters being the initial, t, and the final, t′ > t, time
moments of temporal evolution,
Mt′t : X → X. (2)
These diffeomorphisms induce actions or pullbacks on dif-
ferential forms,
Mˆ∗tt′ : Ω
k → Ωk, (3)
ψ(k)(x) = ψ
(k)
i1...ik
(x)dxi1 ∧ ... ∧ dxik ∈ Ωk(x), (4)
(Mˆ∗tt′ψ
(k))(x) = ψ˜
(k)
i˜1...˜ik
(x)dxi˜1 ∧ ... ∧ dxi˜k ,
ψ˜
(k)
i˜1...˜ik
(x) = ψ
(k)
i1...ik
(Mtt′(x))TM
i1
i˜1
(x)...TM ik
i˜k
(x),
TM ij(x) =
∂M itt′(x)
∂xj
. (5)
Here, Ωk denotes the space of all differential forms of
degree k, or k-forms, ψ(k), defined in Eq.(4) via the con-
travariant antisymmetric tensor, ψ
(k)
i1...ik
, and the wedge
or antisymmetric product of differentials, ∧. Eq.(5) is
known as the tangent map.
The action in Eq.(3) is the most natural construction
from the mathematical point of view. It can be looked
upon as the formal change of variables in a differential
form induced by maps that are inverse to the forward
maps in Eq.(2). The fact that these maps are inverse is
reflected in the reversed order of t′ and t in Eq.(3) as
compared to that in Eq.(2). The reason for this seeming
reversion of time is discussed in detail in Sec.2.1 of Ref.[9].
The entire exterior algebra of X, i.e., the space of the
differential forms of all degrees,
Ω(X) =
D⊕
k=0
Ωk(X), (6)
with D = dimX, is the Hilbert space of the model. The
top differential forms of maximal degree D can be in-
terpreted as the total probability distributions, whereas
differential forms of lesser degrees can be looked upon, at
least locally on X, as the conditional probability distri-
butions [26].
The infinitesimal action of the SDE-defined diffeomor-
phisms can be given via the stochastic flow equation
(SFE),
∂tψ(t) = (∆t)
−1
(
M∗(t−∆t)t − 1ˆΩ
)
ψ(t)
= −LˆF(t)ψ(t)
= −
(
LˆF + (2Θ)1/2ξa(t)Lˆea
)
ψ(t), (7)
where LˆF(t) denotes the Lie of physical derivative along
F(t). The SFE follows immediately from the understand-
ing of the Lie derivative as of the infinitesimal pullback of
3the SDE-defined flow. Accordingly, the finite-time pull-
back is given as,
Mˆ∗tt′ = T e−
∫ t′
t
dτLˆF(τ) = 1ˆΩ −
∫ t′
t
dτ1LˆF(τ1)
+
∫ t′
t
dτ1LˆF(τ1)
∫ τ1
t
dτ2LˆF(τ2)... (8)
Here T denotes the operation of chronological ordering,
which is necessary as in the general case LˆF(t)’s at dif-
ferent time moments of the evolution do not commute.
The pullback is a linear operator on a linear Hilbert
space. Thus, this operator can be averaged over the con-
figurations of the noise. Such stochastic averaging leads
to the finite-time stochastic evolution operator (SEO),
Mˆt′t = 〈M∗tt′〉Ns , (9)
where brackets denote the stochastic averaging.
For the white noise case only, the finite-time SEO can
be expressed via the (infinitesimal) SEO, Hˆ, in the fol-
lowing manner,
Mˆt′t = e−(t′−t)Hˆ , (10)
so that the infinitesemal evolution of the wavefunctions
is given by the following stochastic evolution equation,
∂tψ(t) = −Hˆψ(t). (11)
The explicit form of Hˆ can be readily established using
the following definition,
Hˆ = (∆t)−1
〈
1ˆΩ −M∗(t−∆t)t
〉
Ns
. (12)
With the help of Eq.(8) and the standard expectation
values of the Gaussian white noise variables, 〈ξa(τ1)〉Ns =
0 and 〈ξa1(τ1)ξa2(τ2)〉Ns = δa1a21δ(τ1−τ2), one finds that
Hˆ = LˆF −ΘLˆeaLˆea . (13)
Our next goal is to discuss the properties of the SEO and
exemplify these properties using our numerical results for
the stochastic ABC model that we discuss in the next
section.
III. STOCHASTIC ABC MODEL
The stochastic ABC model on a 3-torus is defined by
its flow vector field and the three ”Euclidian” e’s,
FABC = A · (sin z, cos z, 0)T +B · (0, sinx, cosx)T
+C · (cos y, 0, sin y)T,
e1 = (1, 0, 0)
T, e2 = (0, 1, 0)
T, e3 = (0, 0, 1)
T.(14)
The vector fields e’s represent the flat metric on the
3-torus, for which the diffusion Laplacian is the Hodge
Laplacian,
LˆeaLˆea = −[dˆ, dˆ†], (15)
where dˆ† = −ıˆjδij∂/∂xi is the so-called co-differential
operator (see Eq.(24) below for the definition of ıˆj).
Eqs.(13), (14), and (15) provide the SEO of the
stochastic ABC model,
HˆABC = LˆFABC + Rm−1[dˆ, dˆ†]. (16)
where the inverse temperature, Rm = Θ−1, is known in
the KD theory as the magnetic Reynolds number and it
parametrises physical diffusivity of the magnetic field in
units of the turbulent diffusivity of the flow. If Θ = 0,
the magnetic field is perfectly frozen into the flow of the
conducting medium.
The procedure for the construction of the SEO on the
square lattice of the 3-torus is described in the Appendix.
There, one of the parameters of the model is the lattice
constant, a = 2pi/N , where N is the number of lattice
sites in each of the three directions. It is understood
that the finer the lattice, or equivalently the larger the
N , the more accurate numerical representations of the
SEO one obtains and thus the more trustworthy results
one gets. On the other hand, the computer time taken
up by the diagonalization procedure involved in the spec-
trum calculation increases dramatically with N . In order
to find balance between accuracy and the availability of
the machine-time resources, we compared the results for
different N ’s.
In Fig. (1), the phase diagrams of the stochastic ABC
model for the four different choices of N are presented.
As is seen, the phase diagrams for N = 30, 35, 40, and
N = 45 are qualitatively the same. From this observation
we conclude that for this particular range of parameters
(0.8 < C < 1.2 and 1 < Rm < 30), N = 30 already pro-
vides a reasonably good approximation for the SEO. All
the subsequent numerical results are therefore obtained
for this particular choice of N = 30.
To improve our confidence in the results with N = 30,
we compared the value of the real part of the ground
state of the model with A = B = C = 1 with the
results obtained in Ref. [19]. As can be seen in Fig.
1E, our method with N = 30 reproduces the results of
Ref. [19] qualitatively well. Note that only the situations
with spontaneously broken supersymmetry can be com-
pared (8 < Rm < 21 and Rm > 23). The point is that
the employed method of finding the ”fastest growing”
eigenvalue provides zero eigenvalue of the supersymmet-
ric states for the situations with unbroken supersymme-
try. In Ref. [19], on the other hand, only the dˆ-exact
non-supersymmetric eigenstates that represent the field
tensor of the magnetic field of the KD effect are consid-
ered. This is the reason why the real part of the ground
state eigenvalue of our method coincides with the mag-
netic field growth rate in Ref.[19] only when the super-
symmetry is spontaneously broken and the ground state
is the dˆ-exact non-supersymmetric eigenstate of the sec-
ond degree with the fastest growth rate.
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FIG. 1. (color online) (A) The phase diagram of the stochastic ABC model for A = B = 1, 0.8 < C < 1.2, 1 < Rm < 30, and
the grid parameter N = 30. The black and grey areas are the regions where the supersymmetry is spontaneously broken by
non-supersymmetric ground states with, respectively, complex and real eigenvalues. Lower case letters (a, b, c, d) indicate the
points, the full spectra of which are presented in Fig. 2. (B-D) The same for grid parameters N = 35, 40, and 45, and without
the separation into the subregions with the real and complex ground state eigenvalues. (E) The real part of the ground state’s
eigenvalue, ReEg, for A = B = C = 1 and 1 < Rm < 60. Crosses represent the results from Fig. 1 of Ref. [19] read off by eye.
IV. PROPERTIES OF THE SEO
The goal of this section is to discuss the properties
of the SEO and demonstrate them using the numerical
results obtained for the stochastic ABC model.
The SEO is a real operator and consequently its eigen-
states are either real or come in complex conjugate
pairs known in the dynamical systems theory as Ruelle-
Pollicott resonances. Also, for non-degenerate noise-
induced metric on X, eia(x)e
j
a(x), which is the case for
the stochastic ABC model, and for non-zero temperature
and/or reciprocal of the Reynolds number, the SEO is el-
liptic and the real part of its eigenvalues is bounded from
below. Both of these properties can be observed in Fig. 2,
where the spectra of the SEO for different parameters of
the stochastic ABC model are presented.
An operator with these properties is pseudo-Hermitian
[27]. It has the so-called complete bi-orthogonal eigensys-
tem. Furthermore, the SEO does not ”mix” differential
forms of different degrees, i.e., it conserves the number
of fermions (see below), so that it can be looked upon as
a block diagonal operator,
Hˆ = diag(Hˆ(D)...Hˆ(0)), Hˆ(k) : Ωk → Ωk, (17)
with each Hˆ(k) being pseudo-Hermitian. The eigensys-
tem of the SEO can now be introduced,
〈nk|Hˆ(k) = 〈nk|Enk , (18)
Hˆ(k)|nk〉 = Enk |nk〉, (19)
〈nk|mk〉 = δnkmk . (20)
Here, kets of the eigenstates are k-forms, |nk〉 ≡ ψnk ∈
Ωk, and the bras are the differential forms of the comple-
mentary degrees, 〈nk| ≡ ψ¯nk ∈ ΩD−k, so that the overlap
〈nk|nk〉 ≡
∫
X
ψ¯nk ∧ ψnk does not vanish.
To establish the supersymmetric structure underly-
ing stochastic evolution let us introduce fermionic or
Grassmann anticommuting variables, χi ≡ dxi∧, χiχj ≡
dxi ∧ dxj = −dxj ∧ dxi = −χjχi, etc. In these new
notations, the wavefunction (4) can be given as,
ψ(k)(x) = ψ
(k)
i1...ik
(x)χi1 ...χik . (21)
Let us also recall the Cartan formula for the Lie deriva-
tive,
LˆF = [dˆ,F i ıˆi], (22)
where,
dˆ : Ωk → Ωk+1, dˆ = χi ∂
∂xi
, (23)
is the exterior derivative or de Rahm operator, and
ıˆi : Ω
k → Ωk−1, ıˆi = ∂
∂χi
, (24)
is the interior multiplication operator. The commutator
in Eq.(22) denotes bi-graded commutator, which is an an-
ticommutator if both operators are ”bosonic”, i.e., have
odd number of fermionic operators, and it is a commuta-
tor otherwise. In particular, the bi-graded commutator
in Eq.(22) is an anticommutator.
With the help of the nilpotency property of the exterior
derivative,
[dˆ[dˆ, ·]] = 0, (25)
and knowing that the commutator with the exterior
derivative is a bi-graded differentiation,
[dˆ, AˆBˆ] = [dˆ, Aˆ]Bˆ + (−1)degAAˆ[dˆ, Bˆ], (26)
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FIG. 2. (color online) Spectra of SEO at different parameters of the model. The grid parameter N = 30. The green circled
crosses, blue crosses, and black diamonds represent the boson-fermion pairs of non-supersymmetric eigenstates of, respectively,
degrees 0 and 1, 1 and 2, and 2 and 3. Red circles at the origin represent supersymmetric states. (a) A = B = 1, C = 1.2,
Rm = 22. The degrees are in the incremental order (k = 0, 1, 2, 3) from bottom to top. The scale is the same everywhere
and is given in the k = 0 (bottom) spectrum. (Insets) Supersymmetric states have zero eigenvalues well within the numerical
error of calculations. The scale is the same everywhere and is given in the k = 0 (bottom) inset. (b)-(d) SEO spectra for
A = B = C = 1 and, respectively, Rm = 15, 22, and 28. (e) The SEO spectra for A = B = C = −1 and Rm = 28. The order
of the degrees is reversed (k = 3, 2, 1, 0 from bottom to top) for the comparison with (d) as discussed in the text.
with degA being the degree of an operator defined as the
number of χ’s minus the number of ∂/∂χ’s, one readily
finds that,
Hˆ = [dˆ, ˆ¯d], (27)
where,
ˆ¯d = F i ıˆi −Θeia ıˆiLˆea . (28)
Using now the nilpotency property in Eq.(25), one finds
that the SEO is commutative with the exterior derivative,
[dˆ, Hˆ] = 0. (29)
In other words, dˆ is a symmetry of the SEO or rather
a supersymmetry because, as it is seen from Eq.(23), it
kills a commuting or bosonic variable and substitutes it
with an anti-commuting or fermionic variable.
In physics, symmetries reveal themselves as protected
degeneracies of the eigenstates of evolution operators.
More technically, it is said that the multiplets, i.e., the
eigenstates corresponding to a degenerate eigenvalue, are
irreducible representations of the corresponding symme-
try group. In case of the topological supersymmetry,
dˆ, the multiplets are the non-supersymmetric doublets
or the boson-fermion pairs, i.e., all non-supersymmetric
eigenstates come in pairs of even and odd degrees, |ϑ〉
and dˆ|ϑ〉. It can be shown that all eigenstates with
non-zero eigenvalues are non-supersymmetric as is also
seen in Fig.2, where the non-supersymmetric pairs of
eigenstates are indicated using the same symbol (circled
crosses, crosses, and diamonds).
Some of the eigenstates are supersymmetric singlets
such that dˆ|θ〉 = 0 and no state |θ′〉 exists such that
|θ〉 = dˆ|θ′〉. In fact, this property of the supersymmetric
eigenstates is nothing else but the requirement for a state
to be non-trivial in de Rahm cohomology [14].
All supersymmetric states have strictly zero eigenvalue
and each de Rahm cohomology class provides one su-
persymmetric eigenstate, because otherwise the eigen-
system of the SEO would not be complete, which would
be in contradiction with the idea that elliptic pseudo-
Hermitian operators on compact phase spaces have com-
plete eigensystems [27].
The fact that each de Rahm cohomology class pro-
vides one zero-eigenvalue supersymmetric eigenstate can
be observed in Fig. 2a, where insets zoom into the small
6area around the origin. It is seen that the number of
eigenstates with zero eigenvalue (within the numerical
accuracy of our calculations) equals the Betti number of
the same degree, i.e., the number of different de Rahm
cohomology classes of a given degree [14], which in the
case of 3-torus is 1, 3, 3, 1 for k = 0, 1, 2, 3, respectively.
The ground states of the model are the ones with the
fastest ”growth rate” according to their temporal evolu-
tion ∼ e−Ekt, i.e., the states with the minimal real part
of their eigenvalues. When the zero-eigenvalue super-
symmetric states are the ground states, it is said that
the supersymmetry is unbroken. Among the five spectra
presented in Fig.2, only c) has unbroken supersymmetry.
For all the other spectra, the ground states have non-
zero eigenvalues, real for a) and complex for b), d), and
e). For these spectra, the topological supersymmetry is
broken spontaneously because the ground states are non-
supersymmetric. The phenomenon of the spontaneous
topological supersymmetry breaking can be looked upon
as the stochastic generalization of deterministic chaos,
[13] whereas in the KD theory, it corresponds to the exis-
tence of the exponentially growing modes of the magnetic
field [15].
It can be shown that all models possess pseudo-time
reversal symmetry [9]. This is the symmetry of the SEOs
of two SDEs related to each other by the reversal of time,
Hˆ = Sˆ−1HˆTSˆ. (30)
Here HˆT is the SEO of the SDE with the reversed flow,
F → −F , and reversed noise vector fields, e → −e (the
reversing of e’s has no effect in Eq.(13), however), and
Sˆ : Ωk → ΩD−k is some invertible operator. Any two
operators related by a similarity transformation such as
Eq.(30) are isospectral. Thus, specHˆ(k) = specHˆ
(D−k)
T .
This symmetry of SEO is demonstrated in Fig. 2d) and
e), where the spectra of Hˆ and HˆT are given for A = B =
C and Rm = 28. This isospectrality will be used again
in a moment to conclude that Hˆ(0) alone never breaks
supersymmetry spontaneously, just as Hˆ(D).
As already mentioned, the wavefunctions of the top
(or k = 3) degree represent total probability distribu-
tions. Also, all non-supersymmetric eigenstates of the
top degree are dˆ-exact, i.e., of the form dˆ|ϑ〉, ϑ ∈ ΩD−1.
This suggests that the integral over such eigenstate over
X is zero and, consequently, somewhere on X these non-
supersymmetric eigenstates are negative. This leads to
the conclusion that the supersymmetry cannot be bro-
ken spontaneously by the SEO of the top degree (Hˆ(D)).
Indeed, if it is a non-supersymmetric eigenstate(s) that
has the fastest growing rate in ΩD, then an arbitrary to-
tal probability distribution would become negative some-
where on X after a sufficiently long temporal evolution
when this non-supersymmetric ground state would pro-
vide a dominant contribution. Negative total probability
distributions, on the other hand, are unphysical.
Also, since Hˆ
(D)
T never breaks topological supersym-
metry and, at the same time, it is isospectral to Hˆ(0),
we conclude that Hˆ(0) also never breaks topological su-
persymmetry spontaneously. The fact that neither Hˆ(D)
nor Hˆ(0) break topological supersymmetry spontaneously
can be observed in all the spectra presented in Fig. 2.
At last, our results presented in Fig. 2 as well as those
obtained but not presented in this paper seemingly sug-
gest that the SEO of complementary degrees are isospec-
tral, specHˆ(k) = specHˆ(D−k). As of this moment, we do
know under what conditions this symmetry of the SEO
is present and what are its mathematical and/or physical
origins.
V. CONCLUSION
In this paper, we numerically investigated the stochas-
tic evolution operator of stochastic ABC model. The fol-
lowing general properties of the stochastic evolution op-
erators, that were known previously, are confirmed: every
de Rahm cohomology class provides one supersymmetric
eigenstate; the stochastic evolution operators of the ze-
roth and top degrees separately never break topological
supersymmetry; and stochastic models possess pseudo-
time-reversal symmetry. In addition, our results suggest
that the stochastic evolution operators of complementary
degrees may be isospectral. We hope that further work
on the STS will reveal the mathematical and/or phys-
ical reasons that stand behind of this symmetry of the
stochastic evolution operators.
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VI. APPENDIX: EXPLICIT CONSTRUCTION
OF THE SEO ON THE LATTICE.
The goal in this Appendix is to discuss the construction
of the numerical version of the SEO. First, we define the
square lattice,
xn = (xnx , yny , znz ),n = (nx, ny, nz),
where xnx = 2pi(nx − 1)/N and similar for y’s and z’s,
and indexes nx,y,z = 1, ..., N run over the grid in the
corresponding dimensions. The phase space is a 3-torus
so that xN+1 ≡ x1 and the same for other dimensions.
The collection of the elementary cubic cells, their faces,
edges, and points/vertexes constitute the so-called cubic
CW complex. The basis of the Hilbert space representing
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FIG. 3. (color online) (left) The square lattice partitions the phase space into a union of 3D cubes. The collection of all the
cubes, their faces, edges, and points/vortexes constitute a cubic CW complex of the phase space. The basis of the Hilbert
space are the Poincare´ duals of the elements of this cubic CW complex. The indexes of the kets (1, ..., 8), indicated explicitly,
correspond to those in Eq.(31). The dotted cube of thin lines represent the adjacent elementary cell of the dual lattice. a is
the lattice constant. (right) The Poincare´ duals of the cubic CW complex of the dual lattice is the basis of the dual Hilbert
space given in Eq.(34).
the lattice version of the exterior algebra is the so-called
Poincare´ duals of the elements of this cubic CW complex
(see Fig.3). The Poincare´ duals of submanifolds, in their
turn, are the differential forms that are constant func-
tions (with no differentials) on these submanifolds and
that are delta-functional distributions (with differentials)
in the transverse directions. Accordingly,
|1,n〉 = ∆nx(x)χx∆ny (y)χy∆nz (z)χz, (31a)
|2,n〉 = θnx(x)∆ny (y)χy∆nz (z)χz (31b)
|3,n〉 = −∆nx(x)χxθny (y)∆nz (z)χz, (31c)
|4,n〉 = ∆nx(x)χx∆ny (y)θny (y)χy, (31d)
|5,n〉 = ∆nx(x)χxθny (y)θnz (z), (31e)
|6,n〉 = θnx(x)∆ny (y)χyθnz (z), (31f)
|7,n〉 = θnx(x)θny (y)∆nz (z)χz, (31g)
|8,n〉 = θnx(x)θny (y)θnz (z), (31h)
where we use fermionic notations for differentials, e.g.,
χx = dx∧, and we introduced functions
∆nx(x) = δ(x− xnx), (32)
and
θnx(x) = a
−1
{
1 , xnx < x < xnx+1,
0 , otherwise
, (33)
with a = 2pi/N being the lattice constant. Functions ∆
and θ are defined similarly for the other two dimensions.
The basis of the dual Hilbert space is the Poincare´
duals of the dual lattice (see Fig.3):
〈1,n| = θ˜nx(x)θ˜ny (y)θ˜nz (z), (34a)
〈2,n| = ∆˜nx(x)χxθ˜ny (y)θ˜nz (z), (34b)
〈3,n| = θ˜nx(x)∆˜ny (y)χy θ˜nz (z), (34c)
〈4,n| = θ˜nx(x)θ˜ny (y)∆˜nz (z)χz, (34d)
〈5,n| = θ˜nx(x)∆˜ny (y)χy∆˜nz (z)χz, (34e)
〈6,n| = −∆˜nx(x)χxθ˜ny (y)∆˜nz (z)χz, (34f)
〈7,n| = ∆˜nx(x)χx∆˜ny (y)χy θ˜nz (z), (34g)
〈8,n| = ∆˜nx(x)χx∆˜ny (y)χy∆˜nz (z)χz, (34h)
where functions
∆˜nx(x) = aδ(x− (xnx + a/2)), (35)
and
θ˜nx(x) =
{
1 , xnx − a/2 < x < xnx + a/2,
0 , otherwise
. (36)
Again, functions ∆˜ and θ˜ for the other two dimensions
are defined similarly.
The pairs of functions (32) and (36), and (33) and (35)
are such that,∫ 2pi
0
dx∆nx(x)θ˜n′x(x) = δnxn′x , (37a)∫ 2pi
0
dx∆˜nx(x)θn′x(x) = δnxn′x . (37b)
Eqs.(34) can be thought of as the lattice version of
the Hodge conjugation of Eqs.(31) with respect to the
Euclidian metric on the 3-torus. The basis in Eqs.(31)
and (34) is bi-orthogonal,
〈a,n1|b,n2〉 = δabδ3n1n2 . (38)
8Here, the bra-ket overlap is defined as the wedge product
of the r.h.s. of Eqs.(31) and (34) integrated over the
entire X. For example,
〈3,n|3,n〉 = − ∫
X
∆nx(x)χ
xθny (y)∆nz (z)χ
z ×
× θ˜nx(x)∆˜ny (y)χy θ˜nz (z)
=
∫ 2pi
0
∆nx(x)θ˜nx(x)dx
∫ 2pi
0
θny (y)∆˜ny (y)dy
× ∫ 2pi
0
θ˜nz (z)∆nz (z)dz = 1,
where Eqs.(37) have been used. With this understanding
and using the concept of the projection operator,
1ˆp =
∑
a,n
|a,n〉〈a,n|, 1ˆ2p = 1ˆp, (39)
any element of the exterior algebra of X can be projected
onto the lattice Hilbert space. For instance, a total prob-
ability distribution, |P 〉 = P (x)χxχyχz, can be projected
onto the sum of the δ-functional distributions,
1ˆp|P 〉 =
∑
n
Pn|1,n〉, (40)
with the following self-explanatory coefficients,
Pn =
∫ xnx+a/2
xnx−a/2
dx
∫ yny+a/2
yny−a/2
dy
∫ znz+a/2
znz−a/2
dzP (x).
The action of the exterior derivative on the basis states
can be established straightforwardly,
dˆ|2,n〉 = a−1 (|1,n〉 − |1,n+ ex〉) ,
dˆ|3,n〉 = a−1 (|1,n〉 − |1,n+ ey〉) ,
dˆ|4,n〉 = a−1 (|1,n〉 − |1,n+ ez〉) ,
dˆ|5,n〉 = a−1 (|4,n〉 − |4,n+ ey〉+ |3,n〉 − |3,n+ ez〉) ,
dˆ|6,n〉 = a−1 (|2,n〉 − |2,n+ ez〉+ |4,n〉 − |4,n+ ex〉) ,
dˆ|7,n〉 = a−1 (|3,n〉 − |3,n+ ex〉+ |2,n〉 − |2,n+ ey〉) ,
dˆ|8,n〉 = a−1 (|5,n〉 − |5,n+ ex〉
+ |6,n〉 − |6,n+ ey〉+ |7,n〉 − |7,n+ ez〉) ,
where ex = (1, 0, 0), ey = (0, 1, 0), and ey = (0, 0, 1).
As it should, dˆ acts on the Poincare´ duals of the ele-
ments of the cubic CW complex just as the boundary op-
erator would have acted on these elements. Also, the ac-
tion of dˆ leaves the basis states within the lattice Hilbert
space. In other words, one needs no additional projection
because
dˆ|i,n〉 = 1ˆP dˆ1ˆP |i,n〉. (41)
In this sense, dˆ is unique. The actions of all the other op-
erators introduced below, e.g., operator χx defined next,
do need the projection onto the lattice Hilbert space.
Therefore, all the operators below are essentially the pro-
jected operators. For example,
χˆi = 1ˆPχ
i1ˆP , (42)
where χi in the r.h.s. denotes the conventional fermionic
variable of the exterior algebra of X, whereas the l.h.s.
denotes the same operator projected onto the lattice
Hilbert space.
Using the following properties of the functions intro-
duced above,∫
dxθnx(x)θ˜n′x(x) =
1
2
(δnxn′x + δnx(n′x−1)), (43)
it is straightforward to establish the action of operator
χx on the basis states,
χˆx|2,n〉 = (|1,n〉+ |1,n+ ex〉) /2,
χˆx|6,n〉 = (|4,n〉+ |4,n+ ex〉) /2,
χˆx|7,n〉 = − (|3,n〉+ |3,n+ ex〉) /2,
χˆx|8,n〉 = (|5,n〉+ |5,n+ ex〉) /2.
The recipe for establishing the above expressions can be
demonstrated via the following example,
〈4,n′|χx|6,n〉
=
∫
X
θ˜n′x(x)θ˜n′y (y)∆˜n′z (z)χ
zχxθnx(x)∆ny (y)χ
yθnz (z)
=
∫ 2pi
0
θ˜n′x(x)θnx(x)dx
∫ 2pi
0
θ˜n′y (y)∆ny (y)dy
× ∫ 2pi
0
∆˜n′z (z)θnz (z)dz)
= 12 (δnxn′x + δnx(n′x−1))δnyn′yδnzn′z ,
as follows from Eqs.(43) and (37).
Similarly, for χy and χz one has,
χˆy|3,n〉 = (|1,n〉+ |1,n+ ey〉) /2,
χˆy|5,n〉 = − (|4,n〉+ |4,n+ ey〉) /2,
χˆy|7,n〉 = (|2,n〉+ |2,n+ ey〉) /2,
χˆy|8,n〉 = (|6,n〉+ |6,n+ ey〉) /2.
and
χˆz|4,n〉 = (|1,n〉+ |1,n+ ez〉) /2,
χˆz|5,n〉 = (|3,n〉+ |3,n+ ez〉) /2,
χˆz|6,n〉 = − (|2,n〉+ |2,n+ ez〉) /2,
χˆz|8,n〉 = (|7,n〉+ |7,n+ ez〉) /2.
The operator of the flow vector field projected onto
the lattice Hilbert space is local in both the spatial and
fermionic coordinates,
Fˆ i|1,n〉 = F i(xn)|1,n〉, (44)
Fˆ i|2,n〉 = F i(xn + ex/2)|2,n〉 (45)
Fˆ i|3,n〉 = F i(xn + ey/2)|3,n〉, (46)
Fˆ i|4,n〉 = F i(xn + ez/2)|4,n〉, (47)
Fˆ i|5,n〉 = F i(xn + ey/2 + ez/2)|5,n〉, (48)
Fˆ i|6,n〉 = F i(xn + ex/2 + ez/2)|6,n〉, (49)
Fˆ i|7,n〉 = F i(xn + ey/2 + ex/2)|7,n〉, (50)
Fˆ i|8,n〉 = F i(xn + ex/2 + ey/2 + ez/2)|8,n〉, (51)
9where ex = a(1, 0, 0), ey = a(0, 1, 0), ez = a(0, 0, 1), are
the spatial shifts on the lattice in the direction.
At this moment, all the necessary operators are de-
fined. The operators can be represented numerically as
sparse matrices, and the lattice SEO can then be con-
structed as,
Hˆ = [dˆ, Fˆ i ıˆi]+ + Θ[dˆ, dˆ
†]+, (52)
where the interior multiplication operator, ıˆi, and the co-
differential operator, dˆ†, are merely the transpose of the
lattice versions of, respectively, χˆi and dˆ.
Note that the diffusion operator in the lattice SEO (52)
is essentially the Hodge Laplacian. This substitution is
not valid in the general case. It is valid, however, for the
”Euclidian” vector fields e’s in Eq.(14).
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